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Abstract
Given any two almost orthonormal systems A and A˜ of unit vectors in a Hilbert space
X of the same cardinality, there exists a norm preserving almost isometry F of X so that
F(A) = A˜. It follows that to every almost orthonormal system there corresponds a system of
almost coefﬁcient functionals.
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1. Introduction
Let A be an orthonormal basis of Rn. It follows easily from the concentration of
measure on the sphere that A can be almost isometrically embedded into a space of
much lower dimension. According to the ﬂattening lemma of Johnson and Lindenstrauss
[JoL], this can even be achieved by a multiple of an orthogonal projection. That is, there
exists a subspace Y ⊂ Rn and m > 0 so that d = dim Ycε−2 log n and T = mPY
is a (1 + ε)-bilipschitz mapping of A into RdY ; here PY stands for the orthogonal
projection onto Y and c > 0 is an absolute constant.
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We wondered if it was possible to extend the mapping T −1 : T (A) → A to a
(1+ (ε))-bilipschitz mapping of the ball of Y, or, even more ambitiously, of Rn (the
linear mapping T does not have, of course, to be even injective on Rn). The function
 should depend only on ε and not on n, and limε→0 (ε) = 0. It has turned out the
answer is yes, even in a more general setting.
We say that a subset A of the unit sphere S of a Hilbert space is ε-almost orthonormal
for some 0 < ε < 1 if |〈x, y〉|ε for all x, y ∈ A, x = y. If 0 < ε < 1/2 and
F : A → A˜ is a bijection of two ε-almost orthonormal sets in the unit sphere of a
Hilbert space X, then F is (1+ 2ε)-bilipschitz. In Corollary 5.2 we show that it has a
norm preserving (1+ (ε))-bilipschitz extension F : X → X so that F(X) = X. If the
dimension of X is high enough with respect to 1/ε, then F can be chosen homotopic
to the identity, with each Ft , t ∈ [0, 1], being a (1+ (ε))-bilipschitz, norm preserving
and odd mapping of X onto itself.
This means that unlike linear mappings, almost isometries can increase the dimension
signiﬁcantly. Suppose ε > 0 is ﬁxed, d ∈ N is large enough and Bd denotes the
unit ball of Rd . According to Corollary 5.3, there is a (1 + (ε))-bilipschitz image
of Bd that contains an orthonormal system of size exponential in d. This improves
signiﬁcantly Proposition 6.3 of [M2] and answers in the negative a question posed
there.
Note that if, on the contrary, d is ﬁxed and ε tends to zero, a (1 + ε)-bilipschitz
mapping f : Bd → Rd can be well approximated by a linear isometry. This was
originally proved in [J] and the best estimate of the error, cε log d, was found in
[K,M1]. Recall also, that according to the theorem of Mazur and Ulam every surjective
isometry of two Banach spaces is afﬁne.
Finally, in Theorem 5.4, using the extension result, we associate with each almost
orthonormal system a system of (non-linear) coefﬁcient functionals.
Our construction of the extensions has two main ingredients. One is an elementary,
but clever almost isometry of the two-dimensional unit disk presented by John [J]. The
other is the following simple observation. For every  > 0 there exists ε > 0 so that
the spherical cap {x ∈ S : 〈x, v〉} cannot accommodate more than 1/2 ε-almost
orthonormal vectors.
The main results of the paper are collected in Section 5. A reader interested just
in the basic extension method, and not in its extra properties, can concentrate on
Proposition 2.3, Lemma 4.2, and Theorem 5.1 only.
In Section 2 we describe the extension method when |A| = |A˜| = d and A ∪ A˜
is a small perturbation of an orthonormal basis of R2d . Section 3 is devoted to the
construction and properties of norm preserving almost isometries. We observe that
inversion extends them from the ball to the entire space. In Section 4 we try to ﬁt
almost orthonormal vectors inside various subsets of the sphere. In Lemma 4.2 we
show that only a few ﬁt inside a spherical cap. In Lemmas 4.4 and 4.5 we use [A,BaF]
to show the following. If the dimension of X is large and A ⊂ S is almost orthonormal,
then there exists M ⊂ S at least as large as A, which is both almost orthonormal and
almost orthogonal to A.
Notation: Let M be a metric space, f : M → M a mapping and 1c. We say that f
is c-Lipschitz if f is Lipschitz with a constant at most c. We say that f is c-bilipschitz if
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f is invertible and both f and f−1 are c-Lipschitz. By S we denote the unit sphere of a
Hilbert space; Sd−1 is the unit sphere of the d-dimensional Euclidean space. Similarly,
B is the unit ball of a Hilbert space; Bd is the unit ball of the d-dimensional Euclidean
space. By e1, e2, . . . we denote an orthonormal basis in a Hilbert space. If H is a
Hilbert space and x ∈ H , we denote by |x| the norm of x. The cardinality of a set A
is denoted by |A|.
2. An almost isometry of a Euclidean space
In this section we will “skew” a construction of an almost isometry from our paper
[M1]. The basic building block will be an almost isometry of the unit disk which
appears in [J] (see also [BL, p. 352]). For  ∈ R consider the mapping h : B2 → B2
which in polar coordinates is deﬁned by the formula (r,) → (r, +  log r) and
h(0) = 0. Then h is an odd, norm preserving (1 + ||)-bilipschitz mapping of B2
onto itself. Denote by L the rotation about the origin by the angle . For  ∈ R and
 ∈ (−2, 2) with sgn  = sgn , we deﬁne the following modiﬁcation h, : R2 → R2
of h.
h,(x) =

x if 0 |x|r,,
L(h(x)) if r, |x|1,
L(x) if 1 |x|,
where r0,0 = 1 and r, = e
−
 was chosen as the largest radius where h rotates by
− (see Fig. 1). The mapping h, is odd and norm preserving. It is the identity on
B(0, r,); it is (1 + ||)-bilipschitz on B(0, 1) \ B(0, r,), and isometric outside the
unit ball. Consequently, it is a (1 + ||)-bilipschitz mapping of R2 onto itself. This
follows, for example, from the following lemma which appears in [IP]:
Lemma 2.1. Suppose C is a convex set in a normed linear space X, Y is a metric
space, f : C → Y is continuous and C can be covered by countably many sets on
each of which f is c-Lipschitz. Then f is c-Lipschitz.
Notice also, that h, is homotopic to the identity via the homotopy Ht = ht,t,
t ∈ [0, 1].
Let F˜ : R2d → R2d be the mapping deﬁned by
F˜ (x) =
d∑
k=1
hi,,(xk, xk+d),
where hi,, stands for h, on R2span {ei, ed+i}. By the Pythagorean theorem, F˜
is a (1 + ||)-bilipschitz mapping of R2d onto itself. A mapping of this form with
 = /2 and a suitable  was used in Theorem 4.1 of [M1] to construct an almost
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Fig. 1. The mapping h, : R2 → R2.
isometry of R2d such that the image of Rd contained an orthonormal basis of R2d .
The mapping F was deﬁned “two-dimensionally coordinatewise”; the coordinates were
pairwise orthogonal. We will need a slight generalization of this construction, where
we place R2d inside a larger (ﬁnite or inﬁnite dimensional) Hilbert space, and, mainly,
we allow the two-dimensional coordinates to be just almost orthogonal. Also, we will
apply to each one of the coordinates a possibly different modiﬁed John mapping h,.
Here is the setting for the construction. In parallel to the desired mapping F, we
construct a mapping F˜ as above, which approximates F and the properties of which F
inherits.
Setting: Let X be a Hilbert space, d ∈ N, and R2d ⊂ X. Fix 0 < ε1/(50d) and
 ∈ (0, 1/20). Let ui, u′i , vi, v′i ∈ S2d−1 i = 1, . . . , d be such that
• {vi, v′i}di=1 is an orthonormal basis of R2d ;• |vi − ui |ε, |v′i − u′i |ε, and 〈ui, u′i〉 = 0 for i = 1, . . . , d.
We deﬁne the following mappings:
• Pi is the orthogonal projection of X onto span {ui, u′i}.• Qi is the orthogonal projection of X onto span {vi, v′i}.• Ti : span {ui, u′i} → span {vi, v′i} is the linear isometry deﬁned by Ti(aui + bu′i ) =
avi + bv′i .• For some i ∈ (0, 2), and t ∈ R, let hi,t,ti be the modiﬁed John mapping ht,ti
deﬁned on R2span {ui, u′i}.
• Let h˜i,t,ti be the same John mapping deﬁned on R2span {vi, v′i}.
• Deﬁne F˜t : X → X by F˜t (x) = x +∑di=1(˜hi,t,ti (Qix)−Qix).
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• Finally, deﬁne Ft : X → X by
Ft(x) = x +
d∑
i=1
(hi,t,ti (Pix)− Pix)
and set F = F1.
To prove that F is bilipschitz from the fact that F˜ is, we will need a trivial observation:
if we perturb an almost isometry by a mapping with a small Lipschitz constant we
again get an almost isometry.
Lemma 2.2. Suppose X is a normed space, M ⊂ X, ε,  ∈ (0, 1/5), F : M → X is
(1 + )-bilipschitz and f : M → X is ε-Lipschitz. Then G = F + f is (1 +  + 2ε)-
bilipschitz.
Proof. Let x, y ∈ M . Then
|F(x)− F(y)| − |f (x)− f (y)| |G(x)−G(y)|
 |F(x)− F(y)| + |f (x)− f (y)|
(1/(1+ )− ε)|x − y| |G(x)−G(y)|(1+ + ε)|x − y|.
The result follows from the inequality 1/(1+ + 2ε)1/(1+ )− ε. 
Next we present the properties of the mappings from the Setting.
Proposition 2.3. For each t ∈ R, the mapping Ft is a (1+ + 13dε)-bilipschitz, open
and odd mapping of X onto itself.
Moreover, F is homotopic to the identity via the homotopy Ft , t ∈ [0, 1].
Proof. Each of the mappings hi,t,ti is an odd, norm preserving and (1+)-bilipschitz
mapping of R2 onto itself. The theorem of Pythagoras implies that each F˜t is norm
preserving and (1 + )-bilipschitz. It also implies the continuity of F˜t on X × [0, 1];
hence F˜1 is homotopic to F˜0 which is the identity mapping. Each of the mappings F˜t
is odd and F˜t ◦ F˜−t is the identity mapping; hence F˜t is surjective.
Let Q denote the orthogonal projection onto R2d . Notice that if x ∈ X, then both
Ft and F˜t act only on Qx ∈ R2d and leave x −Qx intact.
Deﬁne f, g : X → X by
f (x) = x −Qx +
d∑
i=1
Ti(Pix),
g(x)= x −Qx +
d∑
i=1
T −1i (Qix).
258 E. Kopecká / Journal of Functional Analysis 222 (2005) 253–273
Then f transfers the two-dimensional “coordinates” of x with respect to {ui, u′i}di=1
onto the system {vi, v′i}. Similarly, g transfers the two-dimensional coordinates of x
with respect to {vi, v′i}di=1 onto “coordinates” with respect to {ui, u′i}. This enables us
to write for x ∈ X
Ft(x)=x −
d∑
i=1
Pix +
d∑
i=1
hi,t,ti (Pix)
=
d∑
i=1
(Qix − Pix)+ g ◦ F˜t ◦ f (x). (1)
Consequently, F is homotopic to the identity via Ft , t ∈ [0, 1], because F˜ is homotopic
to the identity via F˜t , t ∈ [0, 1]. In order to show that Ft is bilipschitz, we will show
that the Lipschitz constant of
∑
(Qi−Pi) is very small, while the bilipschitz constants
of g and f are very close to 1. Indeed, if x ∈ R2d , then
Pi(x)−Qi(x)=〈ui, x〉ui + 〈u′i , x〉u′i − 〈vi, x〉vi − 〈v′i , x〉v′i
=〈vi, x〉(ui − vi)+ 〈ui − vi, x〉ui
+〈v′i , x〉(u′i − v′i )+ 〈u′i − v′i , x〉u′i .
Since |(ui − vi)|ε and |(u′i − v′i )|ε, Pi −Qi is 4ε-Lipschitz and
∑
(Qi − Pi) is
4dε-Lipschitz. For f and g we will show that they are just small (in the sense of the
Lipschitz constant) perturbations of the identity mapping. Indeed, if x ∈ X, then
f (x)=x +
d∑
i=1
(Ti(Pix)−Qi(x))
=x +
d∑
i=1
(〈ui − vi, x〉vi + 〈u′i − v′i , x〉v′i )
and f is (1+ 4dε)-bilipschitz by Lemma 2.2. If x ∈ X, then
g(x)=x +
d∑
i=1
(T −1i (Qix)−Qi(x))
=x +
d∑
i=1
(〈vi, x〉(ui − vi)+ 〈v′i , x〉(u′i − v′i ))
and g is (1+4dε)-bilipschitz by Lemma 2.2. Since F˜t is (1+)-bilipschitz, the mapping
g ◦ F˜t ◦ f is (1+ )(1+ 4dε)2-bilipschitz. By (1) and Lemma 2.2, the mapping Ft is
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bilipschitz with a constant not greater than
(1+ )(1+ 4dε)2 + 8dε1+ + 13dε.
By the invariance of domains, Ft maps any open subset of R2d homeomorphically onto
an open subset of R2d . As Ft(x) = x−Qx+Ft(Qx) for any x ∈ X, Ft also maps any
open subset of X homeomorphically onto an open subset of X. Since Ft is bilipschitz,
images of closed sets are closed. Hence Ft(X) is both open and closed in X, and, as
it is not empty, Ft(X) = X. 
Notice that (1) and the particular form of f, g, and of ∑(Qi − Pi) in the above
proof imply also the following:
There exist a 4dε-Lipschitz mapping h1 : X → X and a 8dε-Lipschitz mapping
h2 : X → X with h1(0) = h2(0) = 0 so that Ft(x) = F˜t (x + h1(x)) + h2(x). Recall
also that F˜t is (1 + )-bilipschitz, open and norm preserving, and that Ft(x) = x if
|x|e−2/.
3. Norm preserving almost isometries
Surjective norm preserving almost isometries of the ball have the advantage that
inversion easily extends them to the entire space.
Lemma 3.1. Let B be the closed unit ball of a Hilbert space X and let  > 0. Suppose
f : B → B is a (1+ )-bilipschitz and norm preserving mapping of B onto itself. For
x ∈ X \ B deﬁne f (x) = |x|2f (x/|x|2). Then f : X → X is a (1+ )-bilipschitz and
norm preserving mapping of X onto itself.
Suppose, moreover, that ft , t ∈ [0, 1], is a homotopy of the identity on B to f :
B → B with each ft being (1+ )-bilipschitz and norm preserving mapping of B onto
itself. If we extend each ft to X using inversion, then ft , t ∈ [0, 1], is a homotopy of
the identity on X to f : X → X.
Proof. Since f maps B onto B, and X \ B onto X \ B, it is enough to show, by
Lemma 2.1, that f : X \ B → X \ B is (1+ )-bilipschitz.
Let x, y ∈ X \ B be given, and let u = x/|x|2 and v = y/|y|2 be their pre-images
under the inversion. Then
|x − y|2=|u|
2
|u|4 +
|v|2
|v|4 −
2〈u, v〉
|u|2|v|2
= 1|u|2 +
1
|v|2 +
|u− v|2 − |u|2 − |v|2
|u|2|v|2 =
|u− v|2
|u|2|v|2 .
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Similarly, since f is norm preserving,
|f (x)− f (y)|2=
∣∣∣∣f (u)|u|2 − f (v)|v|2
∣∣∣∣2 = |f (u)|2|u|4 + |f (v)|2|v|4 − 2〈f (u), f (v)〉|u|2|v|2
= 1|u|2 +
1
|v|2 +
|f (u)− f (v)|2 − |u|2 − |v|2
|u|2|v|2
=|f (u)− f (v)|
2
|u|2|v|2 .
Since f is (1+ )-bilipschitz on B, it is (1+ )-bilipschitz on X \ B as well.
If ft : B → B is a homotopy as in the lemma, then by the above reasoning each
ft extends using inversion to a (1 + )-bilipschitz norm preserving mapping of X
onto itself. The continuity on X × [0, 1] follows directly from the deﬁnition of the
inversion. 
Here is another advantage of dealing with an almost isometry f of a ball B which
is also norm preserving. If every point has an open neighborhood the image of which
is also open, then f maps B onto B. In general, this is, of course, not so.
Lemma 3.2. Let X be a Hilbert space, B its closed unit ball, and f : B → X a
bilipschitz and norm preserving mapping. If every x in the interior of B has an open
neighborhood U such that f (U) is also open, then f (B) = B.
Proof. Clearly, f (B) ⊂ B, and since f is bilipschitz, f (B) is closed. Suppose for a
contradiction there is x ∈ B \ f (B). Let
t = max{s ∈ [0, 1] : sx ∈ f (B)}.
Since the complement of f (B) is open, t < 1. Let U be the neighborhood of f−1(tx)
from the assumptions. Then
sup{s ∈ [0, 1] : sx ∈ f (U)} > t,
which is a contradiction. 
Not every almost isometry f can be “normed” in a straightforward way; it can happen
that F deﬁned by F(x) = |x|f (x)/|f (x)| is not even bijective. Indeed, simple examples
in the plane show, that for every ε > 0, there exists a (1 + ε)-bilipschitz mapping f
of the unit disk onto itself, such that f (0) = 0, but |x|f (x)/|f (x)| = |y|f (y)/|f (y)|
for some x = y. Rather than giving an exact deﬁnition of the mapping, we include
the picture Fig. 2 with the idea. Nevertheless, a small Lipschitz perturbation of a norm
preserving almost isometry can be “normed” to be norm preserving again. To prove it,
we need a simple observation regarding perturbations of the identity mapping.
E. Kopecká / Journal of Functional Analysis 222 (2005) 253–273 261
Identity
Identity
small distortion
detail
x
y
f(x)
f(y)
0
Identity
hε
1
z
Fig. 2. A (1+ ε)-bilipschitz mapping f : B2 → B2 with z = f (x) · |x|/|f (x)| = f (y) · |y|/|f (y)|.
Lemma 3.3. Let X be a Hilbert space, 0ε1/8, and  : X → [−ε, ε] an ε-
Lipschitz function which vanishes outside 2B. Then the mapping F : X → X deﬁned
by F(x) = (1+ (x))x is (1+ 8ε)-bilipschitz and surjective, hence also open.
Proof. Clearly, F is the identity outside 2B. If p is a line containing the origin, then
F(p) ⊂ p. If v ∈ p and |v|2, then also F(v) = v ∈ p. Since F(p) is connected,
F(p) = p and F is surjective.
Since F(2B) ⊂ 3B, and F is the identity outside 2B, we have F(3B) = 3B. By
Lemma 2.1, it is enough to show that F is bilipschitz on 3B. Let x, y ∈ 3B be given.
Then
|F(x)− F(y)| = |(1+ (x))(x − y)+ ((x)− (y))y|.
Hence, by the triangle inequality,
|x − y|/(1+ 8ε)(1− 4ε)|x − y| |F(x)− F(y)|(1+ 4ε)|x − y|. 
The following lemma is tailored to norm the mappings from the Setting:
Lemma 3.4. For each 0 < r < 1/6 there exists  = (r) > 0 with the following
property. Suppose X is a Hilbert space, B its unit ball, f, g : B → X are -Lipschitz
with f (0) = g(0) = 0, and that F : X → X is norm preserving and (1 + /2)-
bilipschitz for some r <  < 1/5. Deﬁne H : B → X by H(x) = F(x + g(x))+ f (x).
If H is norm preserving on B(0, r), then the mapping G : B → X deﬁned by G(x) =
H(x) · |x|/|H(x)| for x = 0 and by G(0) = 0 is (1+ )-bilipschitz. Moreover, if H is
an open mapping, then G is open as well.
262 E. Kopecká / Journal of Functional Analysis 222 (2005) 253–273
Proof. Suppose 0 <  < r/20 < /20. By Lemma 2.2, the mapping H is bilipschitz
with a constant not greater than
(1+ /2)(1+ 2)+ 21+ 3/4.
Deﬁne  : B → R by (x) = |x|/|H(x)| − 1 for x = 0 and (0) = 0. We will show
that by choosing  > 0 small, we can keep both the Lipschitz constant and the absolute
value of  as small as we wish. Since  = 0 on B(0, r), by Lemma 2.1 we only need
to estimate  on B \ B(0, r). There it holds that
1/((x)+ 1)2=|F(x + g(x))+ f (x)|
2
|x|2
=|x + g(x)|
2 + |f (x)|2 + 2〈f (x), F (x + g(x))〉
|x|2
=|x|
2 + 2〈x, g(x)〉 + |g(x)|2 + |f (x)|2 + 2〈f (x), F (x + g(x))〉
|x|2
=1+ 2〈x, g(x)〉 + |g(x)|
2 + |f (x)|2 + 2〈f (x), F (x + g(x))〉
|x|2 .
The Lipschitz constant of the latter function does not exceed 30/r3 on B \ B(0, r).
By choosing  small, we can keep it as small as we wish, and also keep the fraction as
close to zero as we wish. Hence, if  > 0 is small enough, the Lipschitz constant and
absolute value of  do not exceed a certain small  > 0. How small should  exactly
be, is clear from the following considerations. Deﬁne  : H(B)→ R by  = ◦H−1.
Then  is 2-Lipschitz and ||. Since H(B) ⊂ (1 + )B, if we deﬁne  = 0
outside 2B it stays 2-Lipschitz. By the theorem of McShane, it has a 2-Lipschitz
extension  : X → R so that ||. Deﬁne R : X → X by R(x) = (1+ (x))x. By
Lemma 3.3, R is (1 + 16)-bilipschitz and open. Since G = R ◦ H , it is bilipschitz
with a constant not greater than
(1+ 3/4)(1+ 16)1+ 
and if H is open, G is open as well. 
For an easy reference we also include a simple lemma on norming linear almost
isometries.
Lemma 3.5. For all d ∈ N and  > 0 there exists  = (, d) decreasing in d with
the following property. If T : Rd → Rd is linear and (1+ )-bilipschitz, then the norm
preserving mapping F : Rd → Rd deﬁned by F(x) = |x|/|T x| · T x for x = 0 and
F(0) = 0 is (1+ )-bilipschitz.
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Proof. Here is a sketch of the proof. By choosing a suitable orthonormal basis {ei}
and composing T with an isometry, we can assume that T has the diagonal form
T
(
d∑
i=1
xiei
)
=
d∑
i=1
aixiei
for some ai ∈ R with |1− ai | and  > 0 small. Denote Fk(x) = akxk · |x|/|T x|. It
is enough to show that by choosing  > 0 small enough, we can ensure that the matrix
(
Fk(x)
xj
)d
k,j=1
be uniformly close to the identity matrix for x ∈ Rd \ {0}. Since
Fk(x)
xj
=

akxk · xj
|x|
|T x| if k = j ,
ak
|x|
|T x| + akxk ·

xk
|x|
|T x| if j = k,
it is enough to show that given a small  > 0, there is  > 0 for which
∣∣∣∣xk · xj |x||T x|
∣∣∣∣ 
for all j, k ∈ {1, . . . , d}. Since
∣∣∣∣xk xj |x||T x|
∣∣∣∣ = xjxk
∑
(a2i − a2j )x2i
(
∑
x2i )
1/2(
∑
a2i x
2
i )
3/2 
max |a2i − a2j |
min a3i
· |xjxk|∑
x2i
,
it is enough to show that |xjxk|/∑ x2i 1 on Rd \ {0}. If j = k this follows from
x2k /
∑
x2i 1. If j = k, then
|xjxk|/
∑
x2i  |xj | · |xk|/(x2j + x2k )1. 
4. Almost orthogonal subsets of spherical caps are small
Deﬁnition 4.1. Let A be a subset of the unit sphere of a Hilbert space and let ε > 0.
We say that A is ε-almost orthonormal if |〈x, y〉|ε for all x, y ∈ A, x = y.
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An orthonormal system of vectors in Rd contains at most d vectors; an almost
orthonormal one can contain exponentially many in d. It is an elementary consequence
of the concentration of measure on the sphere that there exists an ε-almost orthonormal
set A ⊂ Sd−1 such that |A| 14eε
2d/2
. Nevertheless, only a few of the points of A are
contained in a cap of a ﬁxed size.
Lemma 4.2. For each  > 0 there exists ε > 0 with the following property. Let X be
a Hilbert space and S its unit sphere. If A ⊂ S is ε-almost orthonormal, then for all
v ∈ S,
|{u ∈ A : |〈u, v〉|}|1/2.
Proof. Suppose for a contradiction there is  > 0 such that for each ε > 0 there exist
ε-almost orthonormal vectors u1,ε, . . . , ud,ε, d = 1/2+1, such that |〈ui,ε, v〉| for
some v ∈ S. We can assume that v ∈ Sd is a ﬁxed vector and u1,ε, . . . , ud,ε ∈ Sd for all
ε > 0. Since Sd is compact, we can subsequently pick convergent subsequences from
{u1,1/n}∞n=1, {u2,1/n}∞n=1, . . . , so that there exist ui = limk→∞ ui,1/nk , i = 1, . . . , d. By
the continuity of the scalar product, u1, . . . , ud are orthonormal, and |〈ui, v〉| for
i = 1, . . . , d. Hence
1 < d2
d∑
i=1
〈ui, v〉2 |v|2 = 1,
which is indeed a contradiction. 
Let x be any point in the Hilbert space. A simple corollary of the above lemma
is that only few two-dimensional subspaces spanned by the vectors from A have the
property that the projection of x on them has norm larger than some ﬁxed r > 0.
Lemma 4.3. For each r > 0 there exists ε = ε(r) > 0 with the following property.
Let X be a Hilbert space and S its unit sphere. Suppose A, A˜ ⊂ S, F : A → A˜ is a
bijection and A ∪ A˜ is ε-almost orthonormal. Then for each v ∈ S, we have
|{u ∈ A : |Puv|r}|2/r2,
where Pu denotes the orthogonal projection onto span {u, F (u)}.
Proof. If |Puv|r , then 〈u, v〉(1−2ε)r/
√
2, or 〈F(u), v〉(1−2ε)r/√2. The result
follows from Lemma 4.2 applied to  = (1 − 2ε)r/√2 with ε > 0 so small that
2/r2 = 2/(1− 2ε)2r2. 
If the dimension of X is large and A ⊂ S is almost orthonormal, then there exists
M ⊂ S at least as large as A, which is both an almost orthonormal set and almost
orthogonal to A. Here is a more precise ﬁnite dimensional version of this statement.
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Lemma 4.4. Let ε ∈ (0, ε0), where ε0 > 0 is an absolute constant. Suppose 16/dε
and A, A˜ ⊂ Sd−1 satisfy |A˜| |A|. If A is ε-almost orthonormal, then there exists
M ⊂ Sd−1 such that |M| |A| and |〈x, y〉|√ε for all x ∈ A ∪ A˜ ∪M and y ∈ M ,
x = y.
Proof. By [A], if 0 < ε < 1/2, then |A|ecdε2 log 1/ε, where c > 0 is an absolute
constant. By the concentration of measure on the sphere, there exists M ⊂ Sd−1 so
that |A∪ A˜∪M| 14eεd/2 and |〈x, y〉|
√
ε for all x ∈ A∪ A˜∪M and y ∈ M , x = y.
A few more details of the above can be found in [M2]. If ε > 0 is small enough, then
|M| |A ∪ A˜ ∪M| − 2|A| 1
4
eεd/2 − 2ecdε2 log 1/εecdε2 log 1/ε |A|. 
Now we establish an inﬁnite-dimensional version of the above. Suppose K is the
convex hull of m points in Bd and Vol (K) is its d-dimensional volume. Then, according
to [BaF],
(
Vol (K)
Vol (Bd)
) 1
d
C
√
log(m/d)
d
, (2)
where C > 0 is an absolute constant.
Lemma 4.5. For each  > 0 there exists ε = ε() > 0 with the following property.
Suppose X is a Hilbert space, S its unit sphere, A ⊂ S is ε-almost orthonormal and
Y = spanA is inﬁnite dimensional. Then there exists an orthonormal system M ⊂ Y
so that |M| = |A| and |〈x, y〉| for all x ∈ A and y ∈ M .
Proof. Let  ∈ (0, 1) be given. Choose d ∈ N so that
C
√
log(2d/2)
d
, (3)
where C is the constant from (2). Choose 0 < ε < 1/2 according to Lemma 4.2 with 
replaced by /
√
d . Suppose A ⊂ S is ε-almost orthonormal and Y = spanA is inﬁnite
dimensional. Let {ei,}, i ∈ {1, . . . , d},  ∈ I , where I is a suitable index set, be an
orthonormal basis of Y. Then |I | = |A|. Let Y = span {ei,}di=1 for  ∈ I , and let S
be the unit sphere of Y. We will ﬁnd u ∈ S so that |〈x, u〉| for all x ∈ A. Then
we can set M = {u :  ∈ I }.
Let  ∈ I be given. For simplicity we denote ei = ei,, let P the orthogonal projection
onto Y, and set
A′ = {x ∈ A : |〈x, ei〉|/
√
d for some i ∈ {1, . . . , d}}.
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By Lemma 4.2, |A′|d2/2. If x ∈ A \ A′, then |P(x)|, hence |〈x, y〉| for all
y ∈ S. Let
K = conv {±Px : x ∈ A′}
and let r0 be maximal so that rS ⊂ K . Then rdVol (Bd)Vol (K) and according
to (2) and (3) we have
rC
√
log(2|A′|/d)
d
C
√
log(2d/2)
d
.
Since K is a closed, convex and symmetric set, by the separation theorem, there exists
u ∈ S so that |〈x, u〉|r for all x ∈ K . Consequently, |〈x, u〉| for all
x ∈ A′. 
For an easy reference in the next section, we include the following two simple
lemmata; we almost omit the proofs, though. Recall that by e1, . . . , ed we denote an
orthonormal basis of Rd .
Lemma 4.6. For each d ∈ N and  > 0, there exist ε = ε(, d) > 0 decreasing
in d with the following property. If A ⊂ Sd−1 is ε-almost orthonormal, then |A|d.
Suppose |A| = d. For an enumeration {ui} of A, let T : Rd → Rd be the linear
mapping deﬁned by T (ei) = ui . Let T˜ be its normalization deﬁned by T˜ (0) = 0 and
T˜ (x) = T x · |x|/|T x| for x ∈ Rd \ {0}. Then both T and T˜ are (1+ )-bilipschitz and
surjective.
Proof (Sketch). Let d ∈ N and  > 0 be given. Let 0 <  and  < (, d), for
(, d) from Lemma 3.5. Choose 0 < ε so that every linear T deﬁned as in the
lemma is (1+ )-bilipschitz and set ε(, d) = ε. 
We will also need the following version of the above:
Lemma 4.7. For each d ∈ N and  > 0, there exists 	 = 	(, d) > 0 with the
following property. Let X be a Hilbert space and S its unit sphere. If {ui, F (ui)}di=1 ⊂
S is 	-almost orthonormal, then there exist vectors u′j ∈ span {uj , F (uj )} and an
orthonormal basis {vi, v′i}di=1 of span {ui, F (ui)}di=1 so that 〈ui, u′i〉 = 0, |F(ui) −
u′i |, |ui − vi |, and |u′i − v′i | for i = 1, . . . , d.
5. Lipschitz equivalence of almost orthonormal sets
In this section we establish the main results of the paper: Corollary 5.2 and
Theorem 5.4.
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Here is the basic extension method when F : A → A˜ is a bijection and A ∪ A˜ is
almost orthonormal. On each of the two-dimensional subspaces Xu spanned by u ∈ A
and F(u), the extension F is deﬁned as a suitably modiﬁed John mapping which
rotates u onto F(u). A general point x ∈ B we project onto each of the subspaces Xu
and replace these two-dimensional “coordinates” of x by their images under the John
mappings. Although A is possibly not ﬁnite, it turns out that there is d ∈ N so that
each pair of points x, y ∈ B has a neighborhood on which F looks like the mappings
in the Setting. That is, it is deﬁned by at most d pairs {u, F (u)}, u ∈ A. Since these
2d points can be well approximated by an orthonormal system, F is bilipschitz.
Theorem 5.1. There exists ε1 > 0 and a continuous increasing function  : [0, ε1] →
[0, 1] such that (0) = 0 with the following property. Let X be a Hilbert space and S
its unit sphere. Suppose A, A˜ ⊂ S, F : A → A˜ is a bijection and A ∪ A˜ is ε-almost
orthonormal. Then F admits a (1+ (ε))-bilipschitz extension F : X → X homotopic
to the identity.
Moreover, if {Ft }1t=0 is the homotopy, we can make sure that all the mappings Ft :
X → X are (1+ (ε))-bilipschitz, norm preserving, surjective, odd, and Ft(span (A ∪
A˜)) = span (A ∪ A˜).
Proof. It is enough to ﬁnd, for each  > 0, some ε > 0 so that the conclusion of the
theorem holds, and verify that this is also the case for  = ε = 0. Then, after making
sure (by making some of the ε’s smaller, if necessary) that 1 > ε1 > ε1/2 > ε1/3 > · · · ,
we can deﬁne  to be piecewise linear and so that
(0)=0,
(ε1/n)=1/(n− 1) for n = 2, 3, . . . ,
(ε1)=1.
Denote Xu = span {u, F (u)}, u ∈ A, and by Pu the orthogonal projection onto Xu.
We will ﬁrst treat the trivial case when ε = 0, that is, when A∪ A˜ is an orthonormal
system. In this case F is simply a composition of rotations by /2 in each of the
pairwise orthogonal two-dimensional subspaces Xu. More precisely, for t ∈ R and
x ∈ X, let
Ft(x) = x +
∑
u∈A
(Lu,t/2(Pux)− Pux),
where Lu, is the rotation about the origin by the angle  in Xu. Then F0 is the identity
mapping, and F1 = F on A. The theorem of Pythagoras easily implies continuity on
X×[0, 1] and that each Ft is an isometry. Each of the mappings Ft is odd and Ft ◦F−t
is the identity mapping, hence Ft is surjective.
Finally, we will treat the interesting case, when  > 0 is given. We can assume that
 < 1/10.
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Let  = /2. Set r = e−2 and d =  16
r2
. Choose ε > 0 satisfying the following con-
ditions. The short comments under each condition are meant to provide the reader with
an easier orientation in the proof. They will be explained in more detail later on. Let
• ε > 0 be small enough so that |Pu(z)|r for all u, z ∈ A, u = z,
so that the image of u will indeed be F(u);
• ε ε˜ = min{(r)/(8d), /(13d)}, for  from Lemma 3.4,
so that we can deﬁne mappings as in the Setting and norm them afterwards;
• ε	(˜ε, d) for 	 from Lemma 4.7,
so that for each d-point subset of A there is an orthonormal family well approximating
it;
• εε(r/2) from Lemma 4.3,
so that at most 8/r2 points u ∈ A deﬁne the value of F in a neighborhood of any
given x ∈ B.
Suppose A, A˜, and F as in the theorem are given. Let u ∈ (0,) be the angle between
u and F(u) and hu,t,tu for t ∈ [0, 1] be the modiﬁed John mapping ht,tu deﬁned
on R2span {u, F (u)}. Then hu,,u(u) = F(u). For D ⊂ A we deﬁne HD,t (0) =
FD,t (0) = 0 and for x = 0,
HD,t (x)=x +
∑
u∈D
(hu,t,tu(Pux)− Pux) and
FD,t (x)=HD,t (x) · |x|/|HD,t (x)|.
We deﬁne Ft as FA,t inside the unit ball and by using inversion outside the unit ball:
Ft(x) =
{
FA,t (x) if x ∈ B,
|x|2FA,t (x/|x|2) if x ∈ X \ B
and set F = F1 (see Fig. 3). We will show the following:
Claim. For each z ∈ B, there exists Az ⊂ A so that |Az|d/2 with the following
property. Suppose Az ⊂ D ⊂ A, |D|d , and t ∈ [0, 1]. Then FD,t is a norm preserving,
odd, (1 + )-bilipschitz and open mapping of B and Ft(x) = FD,t (x) for all x ∈
B(z, r/2)∩B. Moreover, FD,t , t ∈ [0, 1], is a homotopy from the identity mapping on
B to FD,1.
Once we prove the claim we ﬁnish the proof as follows. Since on B each Ft locally
coincides with an open and norm preserving mapping, it is an open and norm preserving
mapping of B. Moreover, {Ft } is a homotopy from the identity on B to F1 restricted
to B. Let x, y ∈ B be given. Put D = Ax ∪ Ay . Then according to the claim Ft(x) =
FD,t (x) and Ft(y) = FD,t (y). This means that Ft : B → B is (1 + )-bilipschitz.
Since Ft is bilipschitz, norm preserving and open, Ft(B) = B by Lemma 3.2. By
Lemma 3.1, Ft : X → X, t ∈ [0, 1], is a homotopy from the identity on X to F,
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Fig. 3. The mapping F : X → X from Theorem 5.1.
with each Ft being (1+ )-bilipschitz, norm preserving, odd and surjective. Let Q be
the orthogonal projection onto span (A ∪ A˜). Clearly, Ft(x) = x −Qx + Ft(Qx) and
Ft(Qx) ∈ span (A ∪ A˜) for all x ∈ X. Since Ft is surjective, Ft(span (A ∪ A˜)) =
span (A ∪ A˜).
Finally, since |Pu(z)|r for all u, z ∈ A, u = z, the mapping F1 coincides with F
as it was given on A.
To prove the claim, let z ∈ B be given. Since re−u = rt,tu , if x ∈ B and
|Pu(x)|r , then hu,t,tu(Pux) = Pux. Since εε(r/2) from Lemma 4.3, there exists
Az ⊂ A so that |Az|8/r2d/2, and |Puz|r/2 for all u ∈ A \Az. If x ∈ B(z, r/2),
then |Pu(x)|r for u ∈ A \ Az. Hence, if Az ⊂ D ⊂ A, then HA,t (x) = HD,t (x) for
x ∈ B(z, r/2).
Now suppose that, moreover, |D|d . Since ε	(˜ε, d), there exist, by Lemma 4.7,
vectors u′ ∈ span {u, F (u)} and an orthonormal basis {vu, v′u}u∈D of span {u, F (u)}u∈D ,
so that 〈u, u′〉 = 0, |F(u)−u′| ε˜, |u−vu| ε˜, and |u′−v′u| ε˜ for u ∈ D. Consequently,
the mapping HD,t corresponds to the mapping Ft from the Setting. Since ε˜/(13d),
by Proposition 2.3 the mapping HD,t is a (1+2)-bilipschitz, open and odd. Moreover,
HD,t , t ∈ [0, 1], is a homotopy from the identity on B to HD,1.
Since ε˜(r)/(8d), according to the remark after the proof of Proposition 2.3,
HD,t = H˜ (x + g(x))+ f (x)
for some (1+ )-bilipschitz, open and norm preserving mapping H˜ , and (r)-Lipschitz
g and f for which f (0) = g(0) = 0. Since  = /2, and HD,t (x) = x for x ∈ B(0, r),
by Lemma 3.4 the mapping FD,t is a (1 + )-bilipschitz, open and norm preserving
mapping of B. Moreover, since  : B × [0, 1] → R deﬁned by (0, t) = 1 and
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(x, t) = |x|/|HD,t (x)| for x = 0 is continuous, FD,t , t ∈ [0, 1], is a homotopy from
the identity on B to FD,1. 
Suppose A and A˜, with |A| = |A˜|, are two almost orthonormal families in a Hilbert
space of high enough dimension, but A ∪ A˜ is not necessarily almost orthonormal.
According to Lemmas 4.4 and 4.5, there exists a third almost orthonormal family D of
size at least |A| which is almost orthogonal to both A and A˜. If we use Theorem 5.1
ﬁrst for the pair A and D, and then for D and A˜, we get an almost isometry of the
space which carries A onto A˜.
Corollary 5.2. There exists ε1 > 0 and a continuous increasing function  : (0, ε1] →
[0, 1] such that limε→0 (ε) = 0 with the following property. Let X be a Hilbert space
and S its unit sphere. Suppose A, A˜ ⊂ S, F : A → A˜ is a bijection and both A
and A˜ are ε-almost orthonormal. Then F admits a (1 + (ε))-bilipschitz extension
F : X → X, which is, moreover, norm preserving, surjective, odd, and F(Y ) = Y ,
where Y = span (A ∪ A˜).
If ε ∈ (0, ε1] and dim Y16/ε, then F can be chosen homotopic to the identity
so that if {Ft : X → X} is the homotopy, then for each t ∈ [0, 1], Ft is (1 + (ε))-
bilipschitz, norm preserving, surjective, odd, and Ft(Y ) = Y .
Proof. As in the proof of Theorem 5.1, it is enough to ﬁnd, for each  > 0, some
ε > 0 so that the conclusion of the theorem holds.
Let 0 < 1/3 be given. Choose 0 <  < ε0 so that ()/3, where  is the
function from Theorem 5.1 and ε0 is as in Lemma 4.4. Next choose 0 < ε˜2, so
that ε˜ε() from Lemma 4.5. Put d = 16/˜ε. Finally, choose 0 < ε ε˜, so that
εε(/3, d) from Lemma 4.6.
Now suppose that A, A˜ ⊂ S are ε-almost orthonormal and F : A→ A˜ is a bijection.
First assume that dim Yd . Then, by Lemma 4.6,
|A˜| = |A| = dim spanA = dim span A˜ dim Y.
We can assume |A| = dim Y (if not, we simply enlarge A by the orthonormal basis
of the orthogonal complement of spanA in Y and do the same with A˜). Let {ui} be
an enumeration of A and {ei} an orthonormal basis of Y. We deﬁne linear mappings
L, T : Y → Y by L(ei) = ui and T (ei) = F(ui). Let L˜ and T˜ be their normalizations;
away from the origin, they are deﬁned by the formulas L˜(x) = |x|/|Lx| · Lx and
T˜ (x) = |x|/|T x| · T x. Since (1 + /3)21 + , according to Lemma 4.6, T˜ ◦ L˜−1
is a (1 + )-bilipschitz mapping of Y onto itself and it is an extension of F. Let
Q be the orthogonal projection onto Y. We deﬁne F : X → X simply by F(x) =
x −Qx + T˜ ◦ L˜−1 ◦Q(x).
Now assume that d dim Y . There exists a subset M of the unit sphere of Y so that
|M| = |A| and |〈x, y〉| for all x ∈ A ∪ A˜ ∪M and y ∈ M , x = y. If Y is ﬁnite
dimensional, this follows from Lemma 4.4, since
√˜
ε. If Y is inﬁnite dimensional,
this follows from Lemma 4.5, since ε˜ε(). Let F1 : A → M and F2 : M → A˜ be
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bijections so that F = F2 ◦ F1. The result now follows by composing the extensions
of F1 and F2 obtained by applying Theorem 5.1. 
An isometry of a ball in a Hilbert space into a Hilbert space is always afﬁne. The
following particular case of Theorem 5.1 shows that an almost isometry can be very far
being linear: the image of a d-dimensional ball Bd can contain an orthonormal family
A of size exponential in d. Notice that in Corollary 5.2 we have already proven much
more. Suppose d is large enough with respect to 1/ε. Then we can make sure that
Rd ⊂ spanA, that F is an almost isometry of spanA, and that it has many additional
good properties.
Corollary 5.3. There exists ε1 > 0 and a continuous increasing function  : [0, ε1] →
[0, 1] such that (0) = 0 with the following property. For every d ∈ N there exists a
(1+ (ε))-bilipschitz, norm preserving and odd mapping F : Rd → 22 so that F(Bd)
contains an orthonormal system A with |A|eε2d/2/4.
Proof. Let ε1 > 0 be as in Theorem 5.1. Let ε ∈ (0, ε1) and d ∈ N be given. By
the concentration of measure on the sphere, there exists an ε-almost orthonormal set
A˜ ⊂ Sd−1, such that n = |A˜|eε2d/2/4. Let Y be a copy of Rn orthogonal to our
copy of Rd , and let A be an orthonormal basis of Y. The corollary now follows from
Theorem 5.1 when it is applied to X = Rd ⊕2 Y . 
Suppose we wish to attach to each almost orthogonal spanning set A a set of “coef-
ﬁcient functionals” which norm the sphere. That is, “almost linear” Lipschitz functions
fu : B → R, u ∈ A, with Lipschitz constants close to 1 so that and ∑u∈A f 2u (x) = 1
for all x ∈ S. Simply putting fu = u will not do in general to achieve a partition of
unity on S.
Indeed, if u ∈ Sd−1, then by symmetry E [u2] = 1/d (here E denotes the expectation
with respect to the probability measure on Sd−1). Hence, E [∑u∈A u2] = |A|/d, which
can be as large as eε2d/2/4d ! 2. Nevertheless, a small perturbation of each u provides
the following coefﬁcient functionals attached to A.
Theorem 5.4. There exists ε1 > 0 and a continuous increasing function  : [0, ε1] →
[0, 1] such that (0) = 0 with the following property. Let X be a Hilbert space, S
its unit sphere and A ⊂ X an ε-orthonormal set such that |A| is at least the Hilbert
dimension of X; if ε = 0 assume that spanA = X. Then for each u ∈ A there exists
an odd and (1+ (ε))-Lipschitz function fu : X → R, so that
(i) ∑u∈A f 2u (x) = |x|2 for all x ∈ X;
(ii) |∑u∈A fu(x)fu(y)− 〈x, y〉|2(ε)|x − y|2 for all x, y ∈ X;
(iii) fu(u) = 1 and fu(v) = 0 for all u, v ∈ A, u = v;
(iv) |fu(x)− 〈u, x〉|2(ε)|u− x|2 for all u ∈ A and x ∈ X.
Proof. Let ε1 > 0 and  be as in Corollary 5.2. Let ε ∈ [0, ε1) and A ⊂ X as above
be given. If ε = 0 we simply set fu = u.
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Assume ε > 0. Let Y be a Hilbert space containing X, with an orthonormal basis A˜,
so that |A| = |A˜|. According to Corollary 5.2, there exists a norm preserving, odd and
(1+ (ε))-bilipschitz F : Y → Y which takes bijectively A to A˜. For u ∈ A, deﬁne
fu = F(u) ◦ F,
that is, fu(y) = 〈F(u), F (y)〉 for y ∈ Y . Since |F(u)| = 1, each mapping fu is
(1 + (ε))-Lipschitz. If u, v ∈ A and u = v, then fu(u) = |F(u)|2 = 1 and fu(v) =
〈F(u), F (v)〉 = 0. If x ∈ Y , then∑
u∈A
f 2u (x) =
∑
u∈A
〈F(u), F (x)〉2 = |F(x)|2 = |x|2
because {F(u)}u∈A is an orthonormal basis of Y. Let x, y ∈ Y be arbitrary. Since F is
(1+ (ε))-bilipschitz and norm-preserving,
|〈F(x), F (y)〉 − 〈x, y〉| = ||F(x)− F(y)|2 − |x − y|2|/22(ε)|x − y|2.
Hence ∣∣∣∣∣∑
u∈A
fu(x)fu(y)− 〈x, y〉
∣∣∣∣∣=
∣∣∣∣∣∑
u∈A
〈F(u), F (x)〉 · 〈F(u), F (y)〉 − 〈x, y〉
∣∣∣∣∣
=|〈F(x), F (y)〉 − 〈x, y〉|2(ε)|x − y|2
because {F(u)}u∈A is an orthonormal basis of Y. Similarly, for any u ∈ A and x ∈ X,
|fu(x)− 〈u, x〉| = |〈F(u), F (x)〉 − 〈u, x〉|2(ε)|u− x|2. 
Notice that Theorem 5.4 includes two extreme cases. One is when X = Rd and
|A| = ecε2d . In this case A is “huge” in comparison with the dimension of X. The
other extreme is when X = Rd , |A| = d and A ⊂ Z with dimZcε−2 log d. Here A
is not spanning, in fact, it is contained in a subspace of X of a “huge” codimension.
Nevertheless, almost coefﬁcient functionals exist in both cases.
The exclusion of the right angle as the basic tectonic element resulted in ambitious
forms that were very challenging to produce and suppressed functional views, with the
furniture consequently being often called “theoretical”.
[Czech Cubism in applied arts, Du˚m U ˇCerné Matky boží, Praha]
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